
1 © 2015 IOP Publishing Ltd Printed in the UK

1. Introduction

This paper is the second part of the complex image method 

for inductively-coupled plasma. Part I [1] showed how the 

mutual inductance between a conductor and a plasma can 

be described by an image current at a complex depth in the 

plasma; this second part applies the method to experiments on 

a planar resonant network antenna. It will be shown how the 

effects of plasma inductive coupling can be calculated for the 

complicated geometry of these plasma sources.

When excited at a resonance frequency, a RF resonant net-

work develops very high currents within its structure, which can 

be used for inductively-coupled plasma (ICP) sources [2–6].  

They are good candidates for large area processing, with a 

particular advantage because of their high and real input 

impedance. The transition between capacitive and inductive 

coupling was demonstrated, and measurements of the plasma 

loading effect on the network impedance showed shifts in the 

resonant frequencies and a strong decrease in the network 

Q factor. However, since the network is usually excited by a 

!xed frequency RF generator, the question of off-resonance 

excitation naturally arises.

From a theoretical point of view, a lumped element anal-

ysis of dissipative resonant networks [7] gave analytical 

expressions for network impedance and current distribution. 

However, it fails to correctly predict the mode resonance fre-

quency spectrum. Furthermore, the coupling between network 

and plasma could only be estimated empirically via an effec-

tive leg resistance and inductance. Both of these shortcom-

ings are because the mutual inductances between the network 

elements [8] and with the plasma were neglected. This is a 

critical point for source design because the network resonance 
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spectrum must be accurately matched to the frequency of 

the RF generator (usually 13.56 MHz). The complex image 

method in Part I [1] will be used to calculate the plasma cou-

pling in terms of plasma properties.

This paper is organized as follows: After describing 

the experimental setup in section 2, a matrix model for the 

antenna impedance is developed using mutual partial induct-

ances in section 3. The complex image method from Part I 

[1] is used to calculate the mutual inductive coupling between 

the antenna and the plasma. The matrix model is compared 

with vacuum measurements of node voltages and antenna 

input impedance in section 4. Finally, plasma loading meas-

urements for the antenna operating as an ICP source are inter-

preted using the complex image method in section 5 before 

concluding.

2. Experimental setup

2.1. The antenna assembly

A schematic of the experimental setup used for this study is 

shown in !gure 1. The network is made of N  =  23 identical 

tubular copper legs, overall length 20 cm, radius a  =  0.3 cm, 

with parallel axes spaced 2.5 cm apart. Accounting for the cur-

rent path, the effective leg length is =l 19.2leg  cm. The legs 

are connected at both ends by stringers which consist of 2.6 

nF ceramic capacitor assemblies with copper strip connec-

tors =l 1.9str  cm long and w  =  0.6 cm wide. In !gure 1(b), 

the antenna assembly is set in an open top metal housing with 

the axes of the antenna leg network =h 5.5screen  cm above 

the baseplate screen. The housing is !lled with a polyimide 

foam dielectric to a level 0.6 cm above the leg axes, and the 

surface is protected by 0.3 cm thick glass. The RF input power 

is centrally connected at node A12 in !gure 1(a), with ground 

connections at extreme ends A1 and A23 (for modes m/2 

odd), or B1 and B23 (for modes m/2 even) to ensure sym-

metrical power feeding. The whole system is placed inside a 

vacuum vessel and connected via 30 cm of 50 Ω cable inside 

the vacuum vessel (with 4 cm stubs to RF and in parallel to 

both ground connections) to a vacuum feedthrough.

The antenna is cooled by water "ow through the leg tubes. 

The plasma volume above the antenna is closed by a slotted 

metal plate 5.5 cm above the glass surface which de!nes the 

electrode gap in !gure 1(b). The plasma density was mapped 

using the ion saturated currents measured by an array of 15 

Langmuir probes which traverse the antenna length through 

the slots which are perpendicular to the legs.

The RF characterization of the uncoupled (without plasma) 

antenna was performed by network analyser measurements 

of the antenna input impedance spectrum at the vacuum 

feedthrough, and by measurements of the network node volt-

ages An and Bn with high impedance probes. The plasma-

coupled network was electrically characterized by measuring 

its input impedance using a current/voltage/phase probe 

(Z-Scan™ [9] from Advanced Energy), at the same vacuum 

feedthrough, as a function of frequency for several modes. 

The same probe was used to measure the RF power delivered 

to the antenna.

The experimental parameters were 1 Pa pressure of argon 

with 50–500 W delivered power at 13.56 MHz for mode m  =  6 

measurements; and also a frequency range from 10 to 23 MHz 

at 200 W to excite modes m  =  2, 4, 6, 8, 10.

2.2. The antenna equivalent circuit

The antenna circuit in !gure 2 is a balanced high-pass !lter 

ladder network. This lumped element equivalent circuit is a 

valid approximation because the antenna dimensions are small 

compared to the wavelength of the RF excitation (22 m in 

vacuum at 13.56 MHz). The legs have self partial inductance 

Lleg determined by their geometry (see appendix A), with a 

small resistance R estimated from their skin depth resistance 

in copper. The high-quality-factor capacitor assemblies C in 

the stringers have copper strips linking the legs, having self 

partial inductance Lstr and resistance r given by the skin depth 

resistance plus the effective series resistance (ESR) of the 

capacitor assemblies.

Mutual partial inductance exists between parallel conduc-

tors, but not between orthogonal conductors. Therefore each 

leg has a mutual partial inductance only with the other legs 

M leg/leg, whereas each stringer has mutual partial inductance 

with the stringers in the same line M str/line, and also with 

the stringers on the opposite side of the antenna M str/opp, as 

indicated in !gure 2. This means that one impedance matrix 

can be de!ned for the legs, and another independently for 

the stringers. In this work, all of the inductances are partial 

inductances, therefore the subscript ‘p’ for ‘partial’ in Part I 

[1] is dropped here in Part II. Expressions for the mutual par-

tial inductances used in this work are given in appendix A.

Throughout this work we consider high-pass networks as 

a speci!c example for plasma applications, although other 

Figure 1. The planar resonant network antenna assembly. (a) Top 
view, showing one con!guration of the electrical connections; (b) 
side view from one end of the antenna. The antenna is 55 cm long 
and 20 cm wide. The other dimensions are given in the text.
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resonant antenna con!gurations can also be envisaged (low-

pass, hybrid, etc).

3. Matrix of partial inductances for plasma source 

network analysis

In contrast to previous analyses of the planar resonant antenna 

[2, 7], the mutual partial inductances between all elements, 

including the metal baseplate and the plasma, are accounted 

for in this section. The resulting impedance matrix is used to 

calculate the input impedance of the antenna, and the distribu-

tion of currents and voltages for any symmetrical arrangement 

of RF power feeding and ground connections.

The values of the resistances and capacitances are inde-

pendent of their position in the circuit of !gure 2, whereas the 

net partial inductances of the legs and the stringers depend on 

their location in the network. This is because their inductive 

coupling is different according to the number, position and 

currents of their neighbours. For example, current Iq in leg q 

couples a magnetic "ux M Inq q
leg/leg  with leg n, where Mnq

leg/leg is 

their mutual partial inductance which is a purely geometrical 

quantity [1, 10, 11]. By the principle of superposition, this 

"ux is independent of !elds caused by other currents. The 

current Iq itself may be in"uenced by the circuit response to 

coupling with other circuits, but its "ux coupled with leg n is 

always M Inq q
leg/leg , independent of "uxes produced elsewhere. 

The total "ux coupled to leg n, due to currents in the legs, is 

therefore ∑ = M Iq
N

nq q1
leg/leg . Note that ≡M Lnn

leg/leg
leg is the self 

partial inductance of a leg [10, 12]. In previous analytical 

work [7], all the =M 0nq
leg/leg  for ≠n q.

The combined effect of the inductive coupling of the 

antenna elements, the baseplate, and the plasma is therefore 

represented as in !gure 3, using the results of Part I [1].

Because the net partial inductance of each element depends 

on its position {1, 2, ...n, ... N} in the network, a matrix will 

be necessary to de!ne the antenna impedance. An advan-

tage of the partial inductance approach [10, 11] is that the 

impedance matrix of any network is built up from the mutual 

partial inductances between pairs of elements, which are 

easily calculated.

To de!ne the impedance matrices, we !rst consider Ohm’s 

law for the nth leg, with reference to !gures 2 and 3, where cur-

rents are taken to be time harmonic. Applying the superposition 

principle for the screen- and plasma-coupled image currents,

Figure 2. The antenna network of identical meshes {..., n  −  1, n, n  +  1, ...}, showing the leg self partial inductances Lleg with resistance R, 
linked by stringers with capacitors C and short connectors of self partial inductance Lstr with combined resistance r. The arrows represent 

coupling by mutual partial inductances. In are the leg currents, Jn and Kn are respectively the upper and lower stringer currents. Sn
J and Sn

K 

are the source currents, and An and Bn the voltages, at the upper and lower nodes, respectively. Only a few representative labels are shown 
for clarity.
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Figure 3. Schematic of mutual inductive coupling for the same 
con!guration of antenna, baseplate, and plasma as in !gure 1(b). 
The network is coupled to its image currents in the baseplate screen, 
according to the method of images, by their mutual inductance 
Mleg/screen. The network is also coupled to its image currents in the 
plasma, at a complex distance according to the complex image 
method (see Part I [1]), by their mutual inductance Mleg/plasma. The 
white arrows represent the currents and image currents of the legs. 
The stringer couplings are not shown for clarity.
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B A RI M M M Ij ,n n n
q

N

nq nq nq q
1

leg/leg leg/screen leg/plasma
( )∑ω− = + − −

=

 (1)

where ωM Ij nq q
leg/plasma  is the voltage induced in leg n due to the 

image in the plasma of current Iq in leg q, and similarly for 

the baseplate.

Equivalently, Ohm’s law in (1) can be expressed as a 

matrix equation for all the N legs using ×N N matrices for the 

impedances, and column vectors for the voltages and currents:

( )ω− = + − −
→ → → →

B A I IR M M Mj ,leg/leg leg/screen leg/plasma (2)

where = RR 1 is the leg resistance multiplied by the ×N N 

identity matrix, and the mutual partial inductance matrices 

are given in appendix B. Mleg/plasma is the mutual partial 

inductance matrix between the legs and their images in the 

plasma. The magnitude of mutual inductance decreases 

with distance, therefore higher order re"ections (such as 

the image in the screen of the antenna image in the plasma) 

have been considered negligibly weak. Note that the method 

of images for perfect screens is valid for !nite linear cur-

rent segments, and we assume that this applies also to the 

complex image method. Experimentally, the in"uence of the 

baseplate screen was small but clearly observable, whereas 

the effect of the top plate (see !gure 1(b)) was much smaller 

because the slots inhibited circulating image currents. Hence 

the top plate was neglected in the calculations of impedance 

matrices.

From (2), the impedance matrix of the antenna legs is 

directly

( )ω= + − −RZ 1 M M Mj .leg
leg/leg leg/screen leg/plasma (3)

The stringer impedance matrix Zstr is derived similarly in 

appendix B.

The required solutions for the antenna electrical proper-

ties are found using Kirchoff’s laws, similarly to the analyt-

ical solution in [7], except that now matrix equations are used 

because of the mutual inductance terms. The matrix solution 

is derived in appendix B, where the antenna currents, voltages, 

and input impedance are determined in terms of the impedance 

matrices Zleg and Zstr, along with the source current vectors 
→

SJ 

and 
→

SK. For example, the leg current distribution is given by:

( ) ( )= + −
− −→ → →

I S SUZ U Z 12 ,T K J

str

1
leg

1
 (4)

where the matrix U is de!ned in appendix B, and the antenna 

input impedance is

=Z A S/ ,J
in RFnode RFnode (5)

where n  =  ‘RFnode’ refers to the node of the RF input con-

nection, which was n  =  12 for all experiments presented here. 

Although the matrix solution can be written down, the values 

must be calculated by computer because of the dif!culty of 

matrix inversion. The complex image method thus provides a 

practical way to calculate inductive plasma coupling of even 

very complicated antenna networks which would be prohibi-

tively dif!cult using the transformer model [1, 13, 14]. The 

results of the plasma coupling model will be compared with 

experiments in section 5.

4. Experimental results and comparison with 

theory for the antenna in vacuum

The validity of the mutual partial inductance model is !rst 

veri!ed by comparison with experiments for the antenna 

system with baseplate, in vacuum (no plasma).

4.1. Voltage distribution for the network modes

Comparison of voltage node measurements with the mutual 

inductance solution for antenna voltages shows excellent 

agreement in !gure  4. The solution given by the analytical 

approach from [7] is not as accurate, but nevertheless shows 

that the mode structure on the antenna is not strongly per-

turbed by the mutual inductance between antenna elements 

and the screen. When the excitation frequency is off reso-

nance, the distortion of the voltage distribution is also repro-

duced in detail by the mutual inductance matrix model, see 

!gure 5.

4.2. Prediction of the mode frequencies without plasma

The strong effect of mutual inductance is more clearly seen 

when the measured mode frequencies are compared with the 

matrix and analytical models in !gure 6. The introduction of 

the mutual inductances is clearly necessary [8] to obtain good 

agreement with experiment, and this was lacking in previous 

papers on resonant network antennas [2, 3, 5, 7]. Accounting 

for the mutual inductances, the impedance spectrum is accu-

rately reproduced for any con!guration of the ground return 

connections. The effect of the mutual inductances is to ‘com-

press’ the range of mode frequencies, with the result that 

Figure 4. Voltage distribution An for a m  =  6 mode on the 23-leg 
network. Experimental measurements (‘exp’) are compared with 
the matrix model for mutual inductances (‘mod’), and with the 
analytical solution (‘anl’) calculated using [7]. The RF input was at 
n  =  12 and ground connections at n  =  8 and 16 for this !gure.
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the frequencies of intermediate mode numbers m  =  5, 6 are 

almost unaffected by the mutual inductive coupling.

This excellent agreement with experimental results lends 

con!dence to the matrix model for mutual inductive coupling 

between the antenna elements and with the screen. In the fol-

lowing sections, this approach is consequently extended to 

include plasma inductive coupling, using the plasma-antenna 

mutual inductance calculated by the  complex image  

method [1].

5. Experimental results and comparison with 

theory for plasma coupling to the antenna

Figure 7(a) shows the antenna input impedance spectra mea-

sured at the vacuum feedthrough for modes m  =  2, 4, 6, 8, 

10 in vacuum and also with plasma. The plasma experiments 

were carried out using a variable frequency RF generator 

for a nominal constant delivered power of 200 W. Due to the 

practical dif!culty of maintaining the desired RF delivered 

power and matching for strongly off-resonance conditions, 

the plasma measurements were made across each mode reso-

nance for a limited phase range of π− /4 to π+ /4 radians.

Figure 7(b) shows calculations of the corresponding input 

impedance mode spectra using the mutual partial inductance 

matrix model. The calculated impedance values have been 

transformed through 30 cm of 50 Ω transmission line to com-

pare with the experimental measurements (with 4 cm stubs 

to RF and in parallel to both ground connections). For the 

vacuum impedance spectra, the calculations of section 3 are 

in good agreement with the measured mode frequencies, as 

already mentioned in section 4.2, and also with the impedance 

magnitudes and resonance widths. Furthermore, !gures 7(a) 

and (b) also show reasonably good agreement for the fre-

quency shifts and strong reductions in input impedance in the 

presence of plasma loading of the antenna.

The plasma coupling with the antenna in !gure 7(b) was 

calculated using the complex image model [1] according to 

section  3. Only the dominant coupling with the leg mutual 

inductances was considered for the plasma coupling since 

the stringer coupling is much smaller. Inductive plasma cou-

pling was therefore entirely described by Mleg/plasma, which 

depends on geometrical dimensions and the complex plasma 

skin depth p, de!ned by the electron density and the electron-

neutral collision frequency [1], as follows:

Figure 5. Comparison of measured and matrix-calculated 
node voltage distributions, An, for a m  =  8 mode (a) below, 
(b) at, and (c) above resonance frequency f0  =  11.84 MHz 
in vacuum. RF voltage amplitudes are normalized to the RF 
input voltage at the central node A12. To exaggerate the voltage 
asymmetry, only a single ground node connection was used, at 
node n  =  9. The corresponding frequencies are shown in the 
bottom !gure relative to the mode impedance measurement near 
resonance.
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 (i) The distance between the antenna leg axes and the plasma/

sheath boundary, =h 1.2plasma  cm, was chosen according 

to 0.9 cm from the leg axes to the glass top surface  

(!gure 1(b)), plus an estimated 0.3 cm for the sheath 

width (corresponding to about four Debye lengths for the 

undriven sheath in these plasma conditions [15]).

 (ii) The argon pressure determines the electron-neutral col-

lision frequency νm [rad/s] ≈ ⋅ ⋅ p2.6 107  [Pa] for typical 

electron temperature in these plasma conditions [15]. A 

value of 1.3 Pa, instead of the nominal pressure of 1 Pa, 

was found to give the best !t and was used for all calcula-

tions in this work. Since the RF frequency and pressure 

were constant in !gure 7, the collisionality ν ω∼/ 0.4m .

 (iii) The line-averaged plasma density was estimated by micro-

wave interferometry [2] to be approximately ⋅3 1016 m−3  

for 200 W delivered power. The plasma densities for 

the different modes were then estimated according 

to the relative ion saturated currents of the Langmuir 

probes, assuming that the electron temperature remained 

in a narrow range as could be expected by consid-

eration of particle balance [15]. For m  =  {2, 4, 6, 8, 10},  
{ }≈ ⋅n 2.3, 3.8, 4.6, 4.6, 3.0 10e

16 m−3. These values were 

used for the model calculations.

The Langmuir probes typically measured a dome pro-

!le with approximately a 50% drop in plasma density from 

the centre to the antenna edges [2]. Using the model, only a 

very small in"uence of different pro!les of plasma density 

was found on the frequency shifts and mode impedances. We 

attribute this to the spatial averaging effect of mutual induct-

ances across all the bars. The typical measured density pro!le 

was used for all model calculations in this work.

The mode frequency shifts and the impedance magnitudes 

from !gures 7(a) and (b) are compared in !gure 8. The com-

plex image method gives good agreement for the effect of 

plasma inductive coupling for all !ve modes simultaneously, 

using only the three parameters listed above which correspond 

to physically reasonable values of experimental parameters.

5.1. Dependence of mode frequency and impedance 

 amplitude on the plasma density

Figure 9 compares the measurements of (a) mode frequency shift 

and (b) impedance magnitude, with calculations using the com-

plex image mutual partial inductance model, similarly to !gure 8 

except that now the dependent variable is the plasma density for 

a single mode m  =  6. Again, the agreement between experiment 

and model is good for both the frequency shift and the impedance 

magnitude, using the same parameters as for !gure 7, namely the 

pressure, electron density, and plasma distance.

The model results are extrapolated to the limit of low 

plasma density which corresponds to vacuum. The limit of 

high plasma density for the calculated values of frequency 

shift and antenna impedance were compared with experi-

ment by replacing the plasma by a metal plate at the estimated 

plasma interface distance of 1.2 cm from the antenna. This 

distance was initially deduced from !tting the impedance 

spectra for plasma in !gure 7. As shown by the low- and high- 

density asymptotes in !gures 9(a) and (b), the values measured 

respectively in vacuum, or with a metal plate, are reasonably 

consistent with the complex image model. The measured 

plasma density increased by one order of magnitude, from 

⋅8 1015 m−3 to ⋅9 1016 m−3 for the RF power range 50–500 W, 

but as can be seen in !gure  9(a), the measured frequency 

shift never approached that for a perfect screen, because 

the electron density would have to be unreasonably high 

for the plasma conductivity to behave as a metal conductor  

(σ∼ 106 S m−1 for stainless steel).

The calculated range of real skin depth in !gure 9 was from 

6 cm (at 50 W) to 2 cm (at 500 W). 50 W was the lowest power 

for which the plasma makes the transition to the H-mode, 

and the associated skin depth is approximately equal to the 

electrode gap 5.5 cm. For 500 W, the small skin depth means 

that the power deposition now occurs close to the dielectric 

surface. Interestingly, there is a minimum in the impedance 

which corresponds to an optimum power transfer ef!ciency 

[5]. This minimum occurs because the vacuum limit (no 

Figure 7. (a) Measurements of the mode impedance spectra in vacuum and with plasma (shown by points). (b) Calculations of the 
mode impedance spectra using the impedance matrix model. The mutual partial inductance due to plasma coupling with the antenna was 
estimated using the complex image model [1]. Nominal experimental parameters were argon pressure 1 Pa and 200 W delivered power.
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plasma) and the in!nite conductivity limit (screen) both imply 

no dissipation, i.e. no power transfer to a plasma.

6. Conclusions

The complex image method of Part I [1], combined with a 

matrix solution for the mutual partial inductances, has been 

used to calculate inductive plasma coupling to a planar reso-

nant network antenna. This model provides a good agreement 

to the measured antenna impedance frequency spectrum for a 

range of mode resonances and plasma densities. The complex 

image method and mutual partial inductance approach can 

therefore be used to design even complicated structures for 

planar inductively-coupled plasma sources by accounting for 

the effect of plasma coupling on the source network.
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Appendix A. Expressions for mutual partial 

inductance

General expressions are given by Paul [10] and Grover [12]. 

Figure  A1 shows the simplest geometry which is suf!cient 

to describe all of the mutual partial inductances used in this 

work. The leg tubes, stringer strips, and their images, are 

replaced by !laments coincident with their axis. The mutual 

partial inductance of the !lament pair in !gure A1 is

µ

π
α

α
β

β

α β

= − +

− + + + − +

− − −
⎡

⎣⎢

⎤
⎦⎥

M
d d

s
s

d

d d s d

4
sinh 2 sinh sinh

2 ,

0 1 1 1

2 2 2 2 2 2

 

(A.1)

where α = +l s2 , β = +l s, inductances are in henries, and 

lengths in meters. This gives a good approximation for sepa-

ration d much larger than the conductor cross-section width.

Simpler approximations of (A.1) can be found in special 

cases [10, 12] such as parallel !laments with no offset (s  =  −l 

in !gure  A1), for which the mutual partial inductance is 

[ ( ) ]≈ −
µ

π
M l l hln / 1

2

0 , where = ≪h d l2 . This is the approxi-

mation used for parallel wires in Part I [1].

Figure 8. Comparison of model and experimental measurement for 
(a) the mode frequency shift due to plasma coupling, and (b) the 
impedance values, at resonance, in vacuum and with plasma. The 
data are taken from �gures 7(a) and (b).
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Figure 9. Comparison of model and measurement for (a) the 
mode frequency shift due to plasma coupling, and (b) the antenna 
input impedance at mode resonance with plasma. The x-axis 
is represented in terms of electron density ne, the real part δ of 
the plasma skin depth, and the real part of the plasma electrical 
conductivity σpl [1]. The measured and calculated asymptotes for 
the limits of low plasma density (vacuum) and high plasma density 
(perfectly-conducting screen) are shown by horizontal lines. The 
input RF powers for the eight experiment points were {50, 80, 100, 
150, 200, 300, 400, 500} W, in order of increasing electron density. 
Mode m  =  6, argon pressure 1 Pa.
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Self partial inductance, which is a special case of 

mutual partial inductance [10, 12], depends on the form 

of the conductor cross-section: For the cylindrical legs, 

[ ( ) ]≈ −
µ

π
L l l aln 2 / 1leg

2
leg leg

0  as used in Part I [1]; for a stringer 

strip, ( )≈ +
µ

π

⎡
⎣

⎤
⎦L l l wln 2 /str

2
str str

1

2

0  was used [8, 12].

Appendix B. Impedance matrix calculations

With reference to �gure 2, the antenna node voltages, leg cur-

rents, stringer currents, and source currents are respectively 

written as column vectors:

= = = =

→ → →
→

⋮ ⋮ ⋮ ⋮

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

⎛

⎝

⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟⎟

⎛

⎝

⎜
⎜
⎜
⎜⎜

⎞

⎠

⎟
⎟
⎟
⎟⎟

A

A

A

A

I

I

I

I

J

J

J

J

S

S

S

S

, , , ,

N N N

J

J

J

N
J

1

2

1

2

1

2

1

2 (B.1)

and similarly for node voltages 
→

B, stringer currents 
→

K, and 

source currents 
→

SK. For consistent numbering, the stringer cur-

rents 
→

J  and 
→

K are extended to N values by setting very large 

values for the impedance of the N th stringers, which effec-

tively sets JN  =  0 and KN  =  0 as required by the boundary 

conditions.

Current conservation at the network nodes (see �gure 2) is:

= + +−J J I S ,n n n n
J

1 (B.2)

= − +−K K I S ,n n n n
K

1 (B.3)

where the source currents are included. Introducing the lower 

shift matrix UL, which has ones on the subdiagonal and zeroes 

elsewhere, and writing = −U 1 UL, current conservation 

expressed in matrix form becomes:

= +
→ → →

J I SU ,J (B.4)

= − +
→ → →

K I SU .K (B.5)

Ohm’s law for the legs in matrix form, using (2) and (3) is

− =

→ → →

B A IZ ,leg (B.6)

where ω= +RZ 1 Mjleg , using M for the combined mutual 

partial inductance matrix for the legs, accounting for image 

currents in the screen and plasma, so that

=

⋯

⋯

⋮ ⋮ ⋱ ⋮

⋯

⎛

⎝

⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

L M M

M L M

M M L

M ,

N

N

N N

leg 12 1

21 leg 2

1 2 leg

 (B.7)

where = = − −M M M M Mnq qn nq nq nq
leg/leg leg/screen leg/plasma, for 

≠n q.

Ohm’s law for the stringers is more complicated than for 

the legs because of the contribution from the in-line stringers 

as well as from the opposing stringers. It can be written as

∑ ∑
ω

ω ω− = + + ++
= =

⎛

⎝
⎜

⎞

⎠
⎟A A r

C
J M J M K

1

j
j j ,n n n

q

N

q
q

N

q1
1

line

1

opp

 (B.8)

∑ ∑
ω

ω ω− = + + ++
= =

⎛

⎝
⎜

⎞

⎠
⎟B B r

C
K M K M J

1

j
j j ,n n n

q

N

q
q

N

q1
1

line

1

opp

 (B.9)

where M line represents the combined mutual partial inductance 

matrix for the in-line stringers, subtracting the mutual par-

tial inductances for image currents in the screen and plasma, 

and similarly for Mopp regarding the opposing stringers. 

Recognising that the upper shift matrix is the transposition 

of the lower shift matrix, Ohm’s law in matrix form for the 

stringers is:

ω

ω ω= + + +
→ → →

⎡

⎣
⎢
⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦
⎥A r

C
J KU M M

1

j
j j ,T line opp

 (B.10)

ω

ω ω= + + +
→ → →

⎡

⎣
⎢
⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦
⎥B r

C
K JU M M

1

j
j j ,T line opp

 (B.11)

whose difference gives

( ) ( )− = −

→ → → →

B A K JU Z ,T
str (B.12)

where we de�ne a stringer impedance matrix as Zstr = 

r 1 M Mj
C

1

j

line opp( ) ( )ω+ + −
ω

.

We now proceed to solve for the leg current vector 
→

I , �rst 

by eliminating the node voltage difference using (B.6) and 

(B.12) to give

( )= −

→ → →

I K JU Z Z ,T
leg str (B.13)

and then using (B.5) minus (B.4) to eliminate the stringer cur-

rent difference in (B.13), to �nally obtain:

( ) ( )= + −
− −→ → →

I S SUZ U Z 12 .T K J

str

1
leg

1
 (B.14)

This de�nes the leg currents in terms of the network imped-

ances and the source currents, which are known for symmet-

rical connections, or for a single ground connection.

The node voltages are found by adding the two pairs (B.4), 

(B.5) and (B.10), (B.11), and using (B.6) to give:

[( ) ( ) ]= + +
− −

→ → → →

A S S IU Z U Z
1

2
,T K J1

str
1

leg (B.15)

[( ) ( ) ]= + −
− −

→ → → →

B S S IU Z U Z
1

2
.T K J1

str
1

leg (B.16)

The matrices U, Zleg, Zstr, and their combinations, are always 

invertible and give physically-reasonable values for the 

Figure A1. Geometry of parallel, offset �laments of equal length l, 
distance d apart and offset by s, for calculation of the mutual partial 
inductances.

l

ld s
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antenna currents and voltages. Finally, the antenna input 

impedance is given by the input voltage divided by the input 

current at the node where the RF power is connected, when 

the ground nodes are set to zero voltage, i.e.

=Z A S/ ,J
in RFnode RFnode (B.17)

which can be compared with measurements.
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